For a lower triangular matrix (t n,k ) we call the matrices with respective entries (t 2n−k,n ) and (t 2n,n+k ) the vertical and the horizontal halves. In this note, we discuss Riordan arrays whose halves are closely related to the Catalan matrices.
Preliminaries on Riordan arrays
We recall some facts about Riordan arrays in this introductory section. Readers familiar with Riordan arrays may wish to move on to the next section.
A Riordan array [2, 5] is defined by a pair of power series g(x) = g 0 + g 1 x + g 2 x 2 + · · · = ∞ n=0 g n x n , and f (x) = f 1 x + f 2 x 2 + f 3 x 3 + · · · = ∞ n=1 f n x n .
We require that g 0 = 0 (and hence g(x) is invertible, with inverse 1 g(x) ), while we also demand that f 0 = 0 and f 1 = 0 (hence f (x) has a compositional inversef (x) = Rev(f )(x) defined by f (f (x)) = x). The set of such pairs (g(x), f (x)) forms a group (called the Riordan group [5] ) with multiplication (g(x), f (x)) · (u(x), v(x)) = (g(x)u(f (x)), v(f (x)), and with inverses given by
,f (x) .
The coefficients of the power series may be drawn from any ring (for example, the integers Z) where these operations make sense. To each such ring there exists a corresponding Riordan group.
Example 1. Pascal's triangle, also known as the binomial matrix, is defined by the Riordan group element
This means that we have
To see that this is so, we need to be familiar with the rules of operation of the functional [x n ] [4] . We have
The binomial matrix is an element of the Bell subgroup of the Riordan group, consisting of arrays of the form (g(x), xg(x)). It is also an element of the hitting time subgroup, which consists of arrays of the form xf ′ (x)
f (x) , f (x) . Arrays of the form (1, f (x)) belong to the associated or Lagrange subgroup of the Riordan group.
Note that all the arrays in this note are lower triangular matrices of infinite extent. We show appropriate truncations.
Many examples of sequences and Riordan arrays are documented in the On-Line Encyclopedia of Integer Sequences (OEIS) [6, 7] . Sequences are frequently referred to by their OEIS number. For instance, the binomial matrix B = 1 1−x , x 1−x ("Pascal's triangle") is A007318. In the sequel we will not distinguish between an array pair (g(x), f (x)) and its matrix representation. The Hankel transform of a sequence a n is the sequence of determinants h n = |a i+j | i≤i,j≤n .
The Catalan numbers C n = 1 n+1 2n n A000108 have generating function
We note that Rev(xc(x)) = x(1 − x).
The Catalan numbers C n are the unique numbers such that the sequences C n and C n+1 both have their Hankel tranforms given by h n = 1 for all n ≥ 0.
There are a number of Riordan arrays that are closely related to the Catalan numbers. The principal ones are (1, xc 
This is A106566.
The vertical and horizontal halves of a Riordan array
Given a Riordan array M = (g(x), f (x)) with matrix representation (t n,k ) we shall denote by its vertical half the matrix V with general (n, k)-th term t 2n−k,n . We have the following result [1, 8, 9, 10] . Lemma 2. Given a Riordan array M = (g(x), f (x)), its vertical half V is the Riordan array
Corollary 3. We have the factorization
where the factor xφ ′ (x) φ(x) , φ(x) is an element of the hitting-time subgroup of the Riordan group.
The horizontal half H of the array M = (g(x), f (x)) is the array whose matrix representation has general (n, k)-th term given by t 2n,n+k [1] . We then have the following result [1, 3] .
Corollary 5. We have
Corollary 6. We have
Proof. We have
Proposition 7. Let V and H be respectively the vertical and horizontal halves of the Riordan array (g(x), f (x)). Then we have
In general, we have
Thus
We have a generic factorization of elements of the associated or Lagrange subgroup of the Riordan group.
) be an element of the associated group. Let H and V respectively be the horizontal half and the vertical half of A. The array V is an element of the hitting time subgroup, and thus so is V −1 . We then have
We note that we can express the inverse V −1 of the vertical half V of (1, f (x)) in terms of f (x).
Proposition 9. For the vertical half V of the array (1, f (x)) we have
Now since V is in the hitting-time subgroup, its inverse will be given by
Here, we haveφ
We find that
and the result follows.
It is of interest to calculate the A-sequences of the matrices H and V . For the horizontal half, we have the following result [3] .
Proposition 10. Let the A-sequence of the Riordan array A = (g, f ) have generating function A(x). Then the generating function of the A-sequence of the horizontal half H of A is given by
With regard to the vertical half V of A, we have the following result.
Proposition 11. The A-sequence of the vertical half of the Riordan array A = (g, f ) has generating function f (x)
x .
We close this section by noting the importance of the hitting-time group element xφ ′ φ , φ .
We see that in general we have
3 Catalan rich Riordan arrays Example 12. In this example, we consider the halves of the Riordan array
This matrix begins 
The general term of this matrix is
We find that the vertical half V of this matrix begins 
Proposition 13. For the Riordan array 1+2x 1+x , −x 1+x we have V = (1, −xc(x)) and H = (1, xc(x) 2 ).
Proof. We have f (x) = − x 1+x and g(x) = 1+2x 1+x . Thus
and then we have
But then we have
Thus V = (1, −xc(x)). Finally, we have
We note further that the matrix with general term t n+k,k begins 
This square matrix contains a reversed copy of (c(x), −xc(x)) and its negative. The diagonal sums of this matrix give the sequence 0 n , while the diagonal sums of the absolute value of terms gives the sequence A063886, with generating function 1+2x
1 0 0 0 0 0 0 0 0 2 1 0 0 0 0 0 0 0 2 2 1 0 0 0 0 0 0 2 2 2 1 0 0 0 0 0 2 2 2 2 1 0 0 0 0 2 2 2 2 2 1 0 0 0 2 2 2 2 2 2 1 0 0 2 2 2 2 2 2 2 1 0 2 2 2 2 2 2 2 2 1
This is the Riordan array 1+x 1−x , x . Taken modulo 2, the matrix (t n+k,k ) begins  It is instructive to explore the inverse matrix
In this case, we have
The vertical half of this matrix will then have general its general term given by
The Riordan array V begins
Since f (x) = − x 1+x , we find that again we have φ(x) = −xc(x).
We then have that
We can factorize V −1 as follows.
This gives us the following factorization of V .
The first matrix is a Catalan matrix, and the second matrix is the matrix that begins
Here, the numbers 1, 0, 2, 2, 6, 10, 22, . . .
are the Jacobsthal numbers of the second kind A078008. The horizontal half is given by
and thus we have the factorization
This matrix has general term n−k Proposition 14. The vertical half of the Riordan array g(x), x 1−x is given by
The horizontal half of the Riordan array g(x), x 1−x is given by
The first result follows from this. Now we have
The result now follows since we have 
We note that
We have 
We have
We note that the Hankel transform of the sequence 1, −1, −1, −2, −5, −14, −42, . . . We now look at the general case of the parameterized Riordan array
The first column of this matrix is then given by the polynomials that begin 1, r + 1, r 2 + 2r + 3, r 3 + 3r 2 + 6r + 10, . . . with coefficient array 
We note that the Hankel transform of the first column of V is then given by
When g(x) = 1 − rx, we obtain that
Then the first column of V begins 1, 1 − r, 3 − 2r, 2(5 − 3r), 5(7 − 4r), 14(9 − 5r), 42(11 − 6r), . . . .
The Hankel transform of this sequence is then given by
h n = [x n ] 1 − (r 2 − 4r + 2)x + (1 − r) 2 x 2 (1 + 2(r − 1)x + x 2 ) 2 .
Two special matrices
The matrix 1+x 1−x , x and its inverse, 1−x 1+x , x deserve special mention. These matrices begin, respectively, 
We now, respectively, take the inverse binomial and the binomial transform of these matrices, to obtain
and
We obtain the matrices that begin 
respectively. These have general elements given by (−1) n−k n n − k − 2 n − 1 n − k − 1 and n n − k − 2 n − 1 n − k − 1 respectively. The vertical and horizontal halves of these matrices begin, respectively, 
Proof. We have f (x) = x 1−x and so φ(x) = Rev(x(1−x)) = xc(x). Starting from g(x) = 1−2x 1−x , we have
Thus we have V 2 = (1, xc(x)).
Now
In similar fashion, we can show that In this section, we seek the Riordan array whose vertical half V satisfies
From this we deduce that
We can solve this equation for g(x) by substitutingφ(x) for x, since then g(φ(φ(x))) = g(x).
and so φ ′ (φ(x)) = (1 + x) 3 1 − x .
Thus we have
We deduce that
We thus obtain the following result.
Proposition 17. The vertical half V of the Riordan array
is the Catalan matrix V = (c(x) 2 , xc(x) 2 ).
The corresponding horizontal half H is given by 
This is A039598. We note that this Bell matrix satisfies
The corresponding horizontal half is then given by 
The row sums of this matrix A125187(n + 1) have an interesting property, pointed out by Michael Somos. 
.
The row sums of V = (c(x) 2 , xc(x) 2 ) are given by 2n+1 n+1 , A001700. This sequence has a Hankel transform given by 1, 1, 1, . . .
while the Hankel transform of this sequence with a prepended 1 is given by n + 1. The matrix (1 + x, x(1 + x) 2 ) has its vertical half given by the Riordan array We finish by noting the following. We obtain the following.
Proposition 19. The row sums of the vertical half of the Riordan array (1 + x, x(1 + x) 2 ) are given by 4 n .
We deduce that n k=0 n j=0 C n−j 2j j − k = 4 n .
The related sum n k=0 n j=0 2(n−j) n−j 2j j−k appears to give A258431.
